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XI-Physics Chapter# 4, Page# 3

MOTION IN TWO DIMENSIONS

Projectiie:

A body thrown at some angle © above or below the horizontal such that
(0 <8 < 7/2) and moves freely under the action of gravity is called projectile. :
Projectile Motion: '

The motion in which a body has constant horizontal cemponent of velocity but
changing vertical component of velocity is called projeciile motion.
Examples:
1. Motion of a football kicked by a player.

2. Motion of a bomb released from a horizontaliy ﬂymg airplane.
Assumptlons for Projectile Motion:
1- The acceleration due to gravity “g” is constant over the range of motion and is
directed downward.
2- The effect of air resistance is negligible.
3- Rotation of the earth does not dtten.t the motlon

~ Consider a [IIOJ(.LUIC shot with vclouty Vo at an ang]e 6 with the hornzomal as

. shown in the figure. The initial velocity Vn of the projectile can be resolved into two

rec tangular components.
1- Vo‘ aloug horizontal axis Y
2- Vn), along vertical axis A
The magnitude of these compom.nts
are given by: .
- ) Vo
ax = \Ju Cos® §  F777 d
Voy = Vi Sind Voy| /1
’ o ] 5 B x
| Vo :
- R i

If air resistance is neﬂligible and the rotation of earth does not altect the motion, then

horuontal velocity at any instant “t” will renjain constant and is gnven bv
V, = Voo =V Cosh ) L
‘The vertical velocity will decrease during upward motion and increase during
downward motion. Final vertical velocity “V,” at any instant “t” is given by.
Viy = Vi + ayt

Vi =V,

OR

OR V, =V, 8inb + g (Downward motion)
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TIME TAKEN BY THE PROJECTILE TO REACH THE MAXIMUM HEIGHT.
Definition:

It is the time required by a projectile to reach its maximum height.

Derivation:

If “t” be the time taken by the projectile to reach the maximum height then it can..

" be found by using formula:

Vg = Viy + a,t
Where Viy=Ve =V, Sin 0
Q=8
Vi =V, =0
0=V, Sin 8 -gt > —*
gt=\«"l‘,5in9g © ‘ v ,
_V.Sine| (1'-) m— -
‘g

MAXIMUM HEIGHT REACHED BY THE PROJECTILE:
Definition:

. The maximum vertical distance attained by the projectile is called maximum
height. It is denoted by “H”.
Derivation:

The maximum height reached by the prcgccule can be found by cuns:dermg
vertical motion from O to A.

[
Y:Vi,t-ffz— ayt

Where _Viy = Voy T Vo Sin©

4 V,Sind
‘ 8
Q=—g
Y=H
H= Vo slne V,Sind i(_g)[vosmeJ
2 g
_ VSin 8 1 vszB
H7 00 _5g7 ) 5
g g
f= Vo Sin® v Sin’
i3 2g
[ — 2v, Sin’8 - y, Sin’p
2g
2
) Sin’0
H = _YLZJ"_,__ —_—— )
g
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TOTAL TIME OF FLIGHT OF PROJECTILE:
Definition: '

_ The time during which projectile remains in air is called its Total time of flight “T".
Derivation: ‘
It can be found by formula by considering its vertical motion from O to B.

1 .
Y= V.y t+ E Qytz
Where Y =0
Viy = Vay =V, Sin 0
ﬂy =—g 7

t=T
0=VoSinBT+%(-g)TZ

0=V,SinOT- %gTZ

-;gT2 =V, Sin@T

%gT:V0 Sin 6

_2V,Sin@
_ ) " Qg
- RANGE OF THE PROJECTILE:
Definition:

The horizontal distance covered by the projectile between point of projection and
point of return to level of projection is called “Range’ of the projectile and is represented
by “R”.

Derivation: . ‘
1t can be found by formula by considering its horizontal motion form O to B.

1 2
X=Vi,t+ E, Ayt

T

> (3)

X=R
Vi, = Vu Cos (€]
s .
(=7 2ViSin®
B
a;=0

2V.Si . 2
R=V;Cos 0 xﬂ:‘lXOx 2V Sinf
g 2 g

R = Y, (28in0Cos8) ,
g

We know that Sin 28 =2 Sin 6 Cos 0
2

R= Xg"— IR ) [ ——— )
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The Mammum Range:
2
As R= V Sin20
g

—(5)

If *Vy” and “'g” are constants, then equation (5) snows that “R” is maximum when
the value of sin20 is maxunum

‘ The maximum value of sin2 0 =1 ) | ¥
' 20 =Sin? (1) .
20 =90°
0= 45° : 602"45°
B 30°
putting R = Ry and § = 45%in eq (5) )
O X
R _ v, Sin2x4s°
s g T R max

Sin 90° =1

=Y —@

Thus for maximum horizontal range the angle of projection should be 45°.
Projectile Traiectdry OR Position of Projectile:

The path followed by a pI‘O_]:CtIlE is referred as its “rajectory™. The position of a

projectile at any instant “t” can be found by knowing its horizontal displacement *X"
and vertical displacement Y™,

- - The horizontal displacement "X” is given by
- . . N =Vt ‘
X =V, Cosb t
“OR === &F Q¥ - 0)
V,Cos0

The vertical d{splaccment “y‘ is },lVC by

; Y ="Vt - —gt )
OR ' Y=(V,Sino)t-1 dop

By putting the value of “t” from equation (i), we get

¥ = Vosing [ X |- B[_X
VuCDSBJ‘ 2| V,Cost
V=X Smﬁ_k“x g___j_
Cosb 2  V;Cos’®
Y = X Tan® =3 —~§;Sec20 x*
2l v?

a

For a given value of “0” & the initial velocity of the projectile “V.j“, “tan@”,
“Sech” & “g™ are constants,
g

Therefore if we put
a = tanB
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& b = _\’Ez_gege we get

Y=ax-ibxz
2

This equation shows that trajectory of a pl‘OJELtlle is a parabola as 1t the standard
equation of parabola.
Angular Dlsplacement.

Consider an object moving along circular path of
radius “r” consider further that the object initially at the
point P on the circumference of the circle. After a small
interval of tume, it moves to the position P,. The angle
PyOP; or 0 is called Angular Displacement of the
particle or the object.

Measurement of Angular Dlsplacement:
The angular displacement is measured in degrees.

measurement of angular displacement i{s Radian.

Degree:

" If the circumference of a circle is divided into 360 equal parts, the angle made by
each part at the centre of the circle is called one degree. i
Radian:

It is the angle made at the centre of a circle where the arc length ‘s’ is cqual to the
radius of the circle.

Arc PPy =r =radius of circle

Z PO P; =1 Radian

Amml:u displacement in radian can be found by using formula.

___Length of arc
Radius of ithe circle
If length of the arc P; P, = S, radius of the circle = r, then angular dlsplacema.nt G|
in radian is given by: .

o="
.

OR [s=r#
Relation Between Degree & Radian: .
When a particle completes one revolution, its angular displacement is equal to 360° i.e.
0= 360° cmememcmeeee @ _
In one r§volmi0n length of the arc “8" is equal to the circumference of the circle.
ie. S=2mr

0 (in radian) =

7.
0 = 27 radian ~-----=eememnee ).
comparing equation (I) & (2)
2n radian = 360°

I radian = -3-{.9 = i(’_ﬂm =l o

2T 2x27 L. 44
7

Another unit for the

Angul.u d;spl.lcement

2r 2x22
similarly, 1°= —— =
360 360x7

=0.01745 radian
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Angular Velocity:

" The angular displacement covered by a body in unit
time or rate of change of angular displacement is called
“dngular Velocity”, 1t is denoted by “&”

Consider a body moving counter clockwise in a circle of
radius r. If th angular position of P is at a time “t,” is 6 & ata

later time “t,” its angular position is 0, with is respect to the x-axis
then the c"mngc in angular displacement

8;-6,=A0
The time interval t; — t; = At. The magnitude of
average angular velocity i.e. average angular speed “w,,” is

given by: o = 48 ’

At
Instantaneous Angular Velocuy
The angu!ar velocity of a body at any instant is called instantaneous angular ve]outy
_ Lim A8
Unit: : A0 At
(1) Radian per second [S-I Unit]
(2) Degree per Second [B-E System]
(3)  Revolution per Second
Direction:

The direction of angular velocity can be found by right hand rule.

Right Hand Rule:

If we hold the axis of rotation in right hand and rotate the fingers of right hand along the
direction of rotation, then the thumb w1ll show the direction of angular ve]ocn) '

Angular Acceleration.

The rate of change of angular velocity is ealled “engular accelerazion™. It is denoted by “&
Consider a body moving in a circle of radius “r”. If @, & ; be the mamnmdes of the

instantaneous angula.r veloeities of the body at t; & t, respectively then average angulwm
acceleration “a,,” is given by:
- y_ ml—-m, Aw
gy = ——t = —
-t At

Instant.aneous Angular Acceleration:

The angular acceleration of a body at any instant, is called instantaneous angu|ar acceleration.
Lim Aw
ins

Unic: A0 At

(48] Radian per second (rad/s?) [S-1 Unit]

(2) Degree per second per second (deg/s” ) [B -E SyQIem]

(3) Revolution per second per second (rev./s 2)
Direction:

If w is increasing then w is in the direction of @ and if ® is decreasing then « is opposite t¢
the direction of
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Relation Between Angular and Linear Quantities:

1-Relation for Velocity:

Consider a particle “P” in an object (wheel) rotating along a circular path of
radius “r” about an axis O, (axle of the wheel), perpendicular to the plane of the paper,
as shown in the figure.

Suppose the particle “P” rotates through an angle “A0” in a time “At”. If “AS” is

the length of the arc described by the particle then:
" AS
AD=—
.or
Dividing both sides by At,
2018
At At
- AS A8
OR ——=r—
At At
If At approaches to zero then we can write
Lim AS__ Lim 28
At—>0 At At—)O At
But Lim A2 =Vi. = instantaneous llnear speed. ’
At — 0 At p
Lim AG .
And Atl——) 0 At =0, instantaneous angular speed.
Vins = I'dins " If the particle is with constant angular velocity “w” then;
V=rw .
Tangential Velocity: The velocity, which is tangent to the circular path, is called
tangential velocity. It is given by: Vi=rw

2-Relation for Tangential Acceleration:

The acceleration of a particle which is tangent to the circular path is called
“tangential acceleration™. Suppose a particle rotating about a fixed axis, changes its
angular velocity by “Aw” in a time “At”. Then the change in its tangential velocity,
(linear velocity), “AV," at the end of this interval is:

AV =TA o
Dividing both sides by At
AV, Ae
At At

If “At” approaches to zero then:
Lim AV, __ Lim A®
At—0 Tap T At—0 a7
Lim AV,

t neous tan
U At 0 N = a;,, = instantaneou. gential

But
. Acceleration or instantaneous linear acceleration “aj,s” &

i AV, . ) .
AI;lT) 0 —B?‘-Z ains = instantaneous angular acceleration a then:

'

In vector form a=a. =axXxr
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3-Relation for Time Period:

The time required for one completf— revelution or cycle of the motion is called

“tinte period”. 1t is denoted by T~

The angular velocity of a pdrttc[e (body or object) is given by:

© ==
t

If 8 =2m i.e. particle completes one revolution, then

t=T ="Time period
: o)

o =2 or ="
T : [0}

Centripetal Acceleration:

The acceleration of the body directed towards the
centre of a circle is called “centripetal acceleration™.
Consider an  object moving with constant speed “V™ in
a circle of radius “r”

Let at time “t ." object 1s at point P & its linear

velomty is V1 At a later instant “t” velocity is Vz The

change in velocity “AV” durmg time At = 1, is Qwen
by: ’

AV =V, V, as shown in figure The magnitude of veloury is constant,

e Vi=V,=V

The change in vclomty is duc to the change in direction of veloc1ty of the objcct

Since the velocity vectors V1 & Vz are perpendlcular to radii OP & OQ.

£ZPOQ = LZACB = AB

Triangles POQ and ACRB are l&ObLCIL& thercfore their remammg angles [’ & Q are

equal to A & B.
Hence triangles POQ & A(,B are similar,
AV . AS .
—=— But V;= C
-V.l s 1
AY _A OR AV=- V—S
A% r
Dividing both sides by At
A0 AN
At 1 At

If At approaches to zero then we can write
Lim AV _V Lim AS '
A0 At 1 A0 At

Lim AS -
But At —EWVM—V
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Equation (1) gives the magnitude of the centripetal acceleration while its direction

will be same as that of AV . When Al approaches to zero A9 will be very small and {/"2

will be just parallel to V1, hence the direction of AV will be towards the centre of the

circle. Also the direction of centripetal acceleration a. will be towards the centre of the

circle.

Centripetal Acceleration in Terms of Angular Velocity and Time

Period:

If “w™ be the angular speed, i.e. magnitude of angular velocity of the object then

V =rm put this value of “V” in equation (1), we get

r'o’
a =
< " ,
OR ) Ja, =r@ | e 2)
If*“T” be the time period of the object then
=2  OR w=2
. « ) T .

Put this value of “w” in equation (2), we get

o 4n'r
=5

Centripetal and Tangential Acceleration:

. The acceleration of an object directed towards the centre of a circle is called
“Centripetal Acceleration” and the acceleration of the object tangent to the curve path

.is called “Tangential Acceleration”.

Consider an object moving in a circle of radius “r”

with variable wvelocity. The object posseses both

centripetal as well as the tangential acceleration. The

centripetal acceleration “a.” is due to the change in
direction of the velocity while tangential acceleration
- ‘

“a " is due to the change in magnitude of velocity. Both
the accelerations are perpendicular to each other. The
resultant are aceeleration “a ™ can be obtained by using
vector diagram é= ,_ +a . The magnitude of & is given
bya=al+a! .

The direction of @ with respect'to 2. is given by:

tand = 4 "OR 2
at .

¢ =tan™
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Centripetal Force:
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The force which is directed tow: ards the centre of the circle is called “Centripetal

Force”.
Consider an object of mass

e

m” moving in a circle of radius

et

speed "V, The centripetal acceleration “9.” of the object is given by:

V'l

o= L S ay

r

Since the direction' of velocity of the body is
changing continuously, therefore, according to the first law
of motion, some force is acting on the body continuously.
This force is known as cemmpem!force and is represented

bch,

centripetal force is given by:
k mV2

C: e

w0 r

By \le\uon s 7"" Jaw” of monon magmtudc of the

with constant

If“co” be the angular velocxty of the ob}ecm then

R V=re
- mrfw?

Centrlfugal Force. '

[l"hc forcc which - is dlrected away from the centre of the circle

“Cenrrzfugal Foree™. .- %

Relat:on Between l.mear And Angular Motion:

is called

Linecar motion

Rotational motion

(Constdnt Acceleration. “a”)’ (Constant Angular Acceleration. “a”)
1- S=vt 0= wt
2- Vi=V;+at o= w; +at
P V+V Wyt W
PV TS Oa = =5

n ""s:\f'if'+,—at’
2

0 =t + %atz

N

5-  2S=vi-v,

e R

200 = gy, — o,
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Q. SHOW THAT Rmax = 4Hmax

_ v, Sin *0
Au‘ H max _. 2
For maximum range
0 =43
_— v, (Sin 45"y
nnx T ag
2 1 -2
Vi (-,2') , 1
Hupax = ——-=—— .. Sin45" =0.707 =—=
V, X !
Hnlﬂ‘ 2
2g
v
Vo
Hmnx 4g
Ve 'V
4Hm‘:"_ﬂ_ Rum-n:'_
E g g
Hm:) R'ma-c

s

Proved

Q. SHOW THAT THE RANGE OF PRO]ECTILF. IS THE SAME FOR
, 9 =45"+q and 9 =45’ -o
where a < 45"

V. Sin20 ' Vi Sin 20
"As R=D2T— =t
. g : -8
9=45"+ a L 0'=45"-a
R¥ ELM_:_@ ' co Rr= Va Sin 2(45° —ot)
g R B
re Yo Sin (90" +2a) g Ya Sin (90" 2(1)
g g
. Sin (90" +2a)=Cos2 a -~ 2 Sin(90°-2a) Cos2 o
R= Yo Sin Cos2o (1) o R ‘.J-" mgCos U'—'\>(2) :

Compnrin;t; equation (1) and equétion (2)
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Q. SHOW THAT Rmax = 4Hmax
B ViSin ‘0
Ad‘ H max . 2g
For maximum range
0 =45
" N Vv, (Sin45")"
. max V 2g
V:l {_,*’) 1
Hinax ¥ o Sind57" =0.707 = —=
C2g ~
A\
Humax
Vj
Hmax —4:;
2 ]
ag_ =Y R s
4H =R

v max

Proved

f=45"+ a and 0 =45"-a

where a < 45"
‘ ® Sin 20
As R=Yen =
B g
h=45"+ «
o v, Sin 2g(45" +a)

e 8 v, Sin (90" + 2a)

. Sin0"+2a)=Cos2a -

. Sin Cos2u
R mg —(1) .

R = R'

R=

Q. SHOW THAT THE RANGE OF PROJECTILE IS THE SAME FOR

- Vi ;in 20
i g
0'=45"-«a B
g R'; v, Sin 2(45" —&)
T Ce B
R — vs Sin (90" 2a)
g

.. Sin 90" -2a) Cos2 ot

V; Sin Cos2u _\)(2)

Compm‘in;g equation (1) and equation (2)
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